This short paper is another way to say that one can attack the Cohen-Macaulay-ness conjecture in the geometry of quiver variety using homological algebra.
Introduction
We fix an algebraically closed field k. A quiver Q is a quadruple Q = (Q0, Q1, s, t), where Q0 is a finite set of vertices, Q1 is a finite set of arrows, and s, t : Q1 → Q0 are two applications assigning to each arrow α ∈ Q1 its source s(α) ∈ Q0 and target t(α) ∈ Q0. Q is a Dynkin quiver if its underlying graph Q is one of the following:
when Q is connected without cycles, we say that Q is a tree quiver. Clearly, a Dynkin quiver is a tree quiver. be the coordinate ring of the variety OM , this is isomorphic to the affine [5, 6] ensures that the projective dimension [5, 6] for more details). it has been proven that when Q is of type An or Dn the orbit closures are normal and Cohen-Macaulay with rational singularities ( see [1, 2, 3] ), unfortunately for the quivers E, E and E the answer is unknown. In this paper, we will restrict our consideration to the Cohen-Macaulayness case. According to the theorem below (theorem 3), it seems that there is a strong connection of this last property and the projective dimension of the k[rep(Q, d)]-module k[OM ]. We believe that this connection can help to solve the Cohen-Macaulay problem for the quivers E6, E7 and E8, however finding this invariant is not an easy task at all, see [6] .
Basic Concepts
In this section, we recall some background of representation theory and algebraic geometry. To gain a deeper understanding we refer the reader to [4, 5, 6, 7] .
Let Q = (Q0, Q1, s, t) be a finite quiver.
Q is said to be finite if Q0 and Q1 are finite sets, and connected if the underlying graph Q of Q is a connected graph. Consider two representations M = ((Mi)i∈Q 0 , (fα)α∈Q 1 ) and N = ((Ni)i∈Q 0 , (gα)α∈Q 1 ) of Q, a morphism (hi)i∈Q 0 : M → N of representations is given by a family of linear applications
commutes, i.e., hj fα = gαhi, when fi is invertible for every i ∈ Q0, then (hi)i∈Q 0 is called an isomorphism. We denote by HomQ(M, N ) the k−vector space of morphisms from M to N , and Rep k (Q) the category of all finite dimensional representations of Q. Rep k (Q) is equivalent to the category kQ−mod of right kQ−modules (kQ is the path algebra of Q).
Let M be a finite dimensional representation of Q, i.e, dim k Mi < ∞ for every i ∈ Q0, thus we define the 
We say that M degenerates to N or N is a degeneration of M and we denote by M ≤ deg N , if n ∈ OM (see [10, page 661] for more details on degeneration).
The Artin − voigt formula see [7] brings out a beautiful connection between algebraic geometry and representation theory.
We finish this section recalling several well known and useful tools about commutative algebra. Let L be a finitely generated module over the polynomial algebra R = k[x1, .., x l ] and p a prime ideal of R. we define these five homological invariant: depth, Krull dimension, height, grade and the projective dimension by : * depth(m, L) = min{n : Ext n R (k, L) = 0}, with m = (x1, x2, .., x l ), * dim(L) = dim(R/ann(L)), * ht(p) = sup{p0 p1 ... pr = p, where p0, .., pr ∈ spec(R)}, * grade(p) = grade(R/p, R) = min{n :
, when L = R, this is equivalent to saying that Rp is Cohen-Macaulay for every prime ideal p of Theorem 2. [Auslander-buchsbaum, [4, 5] ] Let L be a finitely generated graded module over the polynomial algebra k[x1, ..,
Main results
Definition 3.1. Let M be a representation of some bounde quiver (Q, I), where I is a homogeneous graded ideal.M will be called homogeneous if OM is an affine cone, that is OM contains all lines spanned by its elements.
We denote by λM the representation with the point λm in the variety rep(Q, d).
Proof. If M is homogeneous,then λm ∈ OM , thus there exist a morphism φ : k → OM such that φ(t) = m, ∀t = 0 and φ(0) = λm. Using this fact, we can easily get a decreasing sequence of orbits 
one can easily prove that for λ = ±1, λM is not isomorphic to M . More generally we have this direct implication : If any representation M of a quiver Q is homogeneous, then Q has no oriented cycle. This later come from the fact that homogeneous representations are nilpotent.
Theorem 3. Let Q be a tree quiver and M a representation of Q.
Proof. Assume that OM is CM, and let 0 = M0 M1 ... Mr = M be a composition series of M .
Since Q is an acyclic quiver, every composition factor Mi/Mi−1 is isomorphic to some simple representation of the form Sj for j ∈ Q0. This means that M degenerates to
Si, hence 0 ∈ OM . Let α : 1 → 2 be an arrow in ∈ Q1. Put φ1 = IdM 1 and φ2 = λIdM 2 , now if β : d → c, we take
commutes for every arrow : a → b. Therefore, the representations M and λM lie in the same orbit,i.e., OM = O λM . Note that we have proved that OM is an affine cone, thus the ideal I(OM ) is graded.
By Auslander-Buchsbaum and Artin-Voigt formulas, we have the equality pd( 
We obtain the desired result,
. Hence, I(OM ) is a perfect ideal, and by exercice 19.9 in [5] , the variety OM is CM. Assume that OM is CM. Then, ON ] ) for every n ∈ OM , then OM =ON . We know that orbits are locally closed, thus M is isomorphic to N . Corollary 3.5. Let Q be a quiver of type An or Dn.
Proof. by [1, 2, 3] orbits closure are CM in An and Dn. 
